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Solution of Linear Systems by a Singular Perturbation Technique

MARK D. ARDEMA

Ames Research Center

Abstract—An approximate solution is obtained for a singularly perturbed
system of initial-valued, time-invariant, linear differential equations with
multiple boundary layers. Conditions are stated under which the approximate
solution converges uniformly to the exact solution as the perturbation param-
eter tends to zero. The solution is obtained by the method of matched asymp-
totic expansions. Use of the results for obtaining approximate solutions of
general linear systems 1s discussed. An example is considered to illustrate
the method and it is shown that the formulas derived give a readily computed

uniform approximation.
I. INTRODUCTION

Linear systems of ordinary differential equations frequently occur in
applications of control theory. Although the general solutions of such
systems are well known, the computation of solutions for specific systems can
be laborious if the order of the system is high. In applications in which it
is desired to keep computational effort low and in which extreme accuracy is
not rgquired, it is approériate to seek approximate solutions. The approxima-
tions that result in the greatest simplification are those in which derivative
terms are neglected. Singular perturbation theory provides a systematic way

of studying such approximations and coping with their shortcomings.



Before proceeding, some notation will be introduced. Given an n x n

matrix A with elements aij and an n-dimensional vector x with components

xi we define

;At = matrix formed by taking iEh through j—g1 rows of A and kEE

through %Eh columns

;x = vector formed by taking ish through 352 components of x

1,3 _ 1,1 _ 1 _ 1,
We note that iAj aij’ nAn A, i* xi, and X% The determinant of
ik 1k
jAz will be denoted le. The following identity is true for 1 =1, «+-,
n -1 and will be needed subsequently:

-1
ii, 1+1D1+1[ali - 1A1+1(1+1A1+1) 1+1A1} (1.1

nn nn in nn ni

We are now ready to formulate our problem. Consider the n-t-h order system

dx _ . -
Edt = Ax; x(0) X (1.2)
where A 1is a constant matrix and E is a matrix with components eij such

that

e,, =0; 1=}

1]
ey = 134 =1, 2, *»»+, m (1.3)
eiigei—m;i-m+1’ -.n,n

where ¢ 1s a small parameter. Although the system (1.2) has a rather special
form, its solution may be used to obtain approximations to more general systems,
as discussed in section IV. Assuming n to be large, it is our goal to obtain
an approximate solution to (1.2),

Since ¢ 1is small, it is natural to seek an approximate solution of

(1.2) by setting ¢ = 0. The resulting system is
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m 1,1 lxo + lAm+l m+1xo.

1 1
dt mmm mn n mx(O) ® oo (1.4)

m+10 - m+1A1 lxo + m+lAy+1 m+1xo
n nmm nn n

and is called the reduced system. We call the components of ;x the "slow"
variables and those of m+ix the "fast" variables. It is obvious that, in
general, the solution xo(t) of the red.ced system will not satisfy all of

the initial conditions and thus, at least locally, the behavior of the solution
of the reduced system will be radically different from the solution of the
exact system x(t). For this reason, we call (l.2) a singularly perturbed
system. The best that can be hoped for is that ;xo is a good approximation
of ;x uniformly in the domain of interest and that m+ix° is a good ap-
proximation of m+ix everywhere except near t = 0. The conditions under
which this is true will be established subsequently.

Singular perturbation theory is concerned with the relation between the
solutions of the exact and reduced systems of singular perturbation problems
and with constructing asymptotic series representations of the solution of
the exact system. The fundamental results of the theory are due to Tihonov
[1] and Vasileva [2]. Reviews of singular perturbation theory and methods
are found in the books of Wasow [3] and 0'Malley [4]. Singularly perturbed
linear systems have been studied by several authors [c.f. 5].

In the present treatment, scolutions are developed by application of the
methoa of matched asymptotic expansions. This method has been developed to
solve certain fluid mechanics problems involving nonlinear partial differen-
tial equations. Expositions of the method are given by Cole [6], Van Dyke

{7], Nayfeh [8], Eckhaus [9], and Ardema [1C]. 1In the MAE method, boundary-

layer systems are introduced to account for the nonuniform approximation in

the fast variables. Due to the special nature of E, there will be n - m




boundary layers for the system (1.2). In effect, each boundary layer, except
the n - mgh, will be a reduced solution for the next boundary layer. Such
systems of multiple boundary layers have been considered by Calise [11, 12].
The reduced and boundary-layer systems are solved by asymptotic expansion
methods. The solutions of these systems, which must be asymptotically stable,
are then "matched" with the solutions of the reduced problem. Finally, a
composite solution which gives uniform approximation in all variables is
formed. In the current application, we are interested only in the zeroth
order terms of the expansions and for this case the MAE method assumes a

particularly simple form.

II. THE MAIN RESULT

Theorem

Consider the system (1.2) and suppose that

DAt o smtl, ey n 2.1)
Then
':‘x(t) - :,Xo(:) < ;O(e)v te[0, T (2.2)
I“‘*:‘x(t) - ™| < ™o v ee(o, 1] (2.3)
™hx(e) - ™) - ™hP @] « ™o elo, 1) (2.4)

where x(t) and x°(t) are the solutions of (1.2) and (l.4), respectively,
0(e) is a vertor, each of whose components is of order ¢, T 1is an arbitrar-
ily large but finite constant, and m+rl‘xb(t) is the boundary-layer correction
derived in the following section.

Equations (2.2) and (2.4) express uniform convergence and (2.3) expresses

nonuniform convergence. Equation (2.1) ensures asymptotic stability of the

jww‘””
it




boundary layers for the simple linear system we are considering. (For the
nonlinear case, an additional hypothesis is needed to guarantee that the ini-
tial conditions are in the domain of influence of the stable equilibrium
point.)

From (2.2) through (2.4) we note that if we are interested only in the
behavior of ;x(t), or in the behavior of m+;x(t) at large t (as compared
with ¢), or both, then x°(t) will be a good approximation; it 1is only if
the behavior of m+zx(:) for small t is of interest that the boundary-layer

corrections m+;xb(t) need be computed. We also note that in the special case

that m+;A:+1 is diagonal, then (2.1) requires the diagonal entries to be
negative.

The theorem may be generalized in several ways. For example, it holds

if the elements of E are defined by

eij =0; 1 =]

ey = 1; 1 <m (2.5)

lim ®i+1, 141 ()

=0; 1>m
e~>0 eii(e)

The special form of E as given by (1.3) is used solely for convenience. The
results may also be generalized to the case where A 1is a function of ¢ and
t. In this case, we assume that A(e, t) has an asymptotic power series ex-

pansion in € and write:
ACe, t) = Ag(t) + Aj(t)e + Ap(t)e? + ---

where the Ai(t) are assumed continuous. In fact, because only the zeroth
order terms of the expansions are computed, the results obtained here apply
directly to the case where A 1is time-invariant but depends on ¢; we need
only replace A by Ao in the final formulas. The time-invariant case was

adopted only to simplify the algebra.

RUEPRODUCIBILITY OF THE
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Although the theorem may be derived as a special case of more goneral
results [c.f. 5], it is instructive and perhaps easietr to pursue a direct
proof of the theorem. In the following section we will prove the theorem and
obtain an explicit representation for m+rllxb(t). The main task is to show

that the boundary layers are asymptotically stable. As mentioned earlier,

the analysis will employ the MAE method.

III. ANALYSIS

First consider the reduced system (l.4). Strictly speaking, this system
(also called the outer system in the MAE method) is not required to satisfy
aty boundary conditions but rather has its constants of integration determined
by matching with the first boundary layer. However, for the zeroth ovder,
this matching simply states that the constants of integration are to be deter-
mined from ;XO(O) = ;xo [c.f. 10]. By (2.1), m+iA:+1 is nonsingular so that

the solution of (l1.4) may be written

-1
1o, exp{[lAI_ 1,m+1 [nH—lAm+1] m+1A1] t} 1,
m mm mn nn nm mo

-1 , -1 o
mtl o _ _(nﬁ-lAmﬂ} m+l, 1 exp{[1A1_ 1 mtl (mlAm—H} rrf-lAl] t} [NERT
n nn nm mm mn nn nm i o

In particular,
1o 1
o O m o

-1
w0y o _(m+lAm+l] LN (3.2)
n nn nmma®Oo

Now consider the first boundary layer. The zeroth order term in the
solution to this system is obtained by transforming the independent variable

to 13 --f in (1.2) and taking the limit ¢ » 0. Denoting the dependent vari-

able by xl(t), this function satisfies



dlxl
m

dTl

1,, L1, 1
mo’ n (0) mto

dm+l 1

X
o® wh, 1 11wl bl 1 mblme2 w2 1) ol ] e+l
dt; " mhn o* * atlfpel wr1* o1t nX 5 g1 (0 = 1%

m+20 - m+2Al lxl + m+2Am+l m+l 1 + m+2Ay+2 m+2x1

n nmmn nm+l me1* nn n (3.3)

m+2Am+2

Since is nonsingular, the solution of this system is

m+1Dm+1
nn__ _omtl 1 lx
m+2Dm+2 1 mélmmo
nn

m+11_(m+1 ml 1 1

o1 w1¥o * m+1Km mxo] exp

w2 1 (o2,wk2)1 | (o421 m2,mbl okl 1)1
n nn nm n ml mtl mjmo

m+1Dm+1

nn
wt¥o ¥ mtifn mxo] P mr2 w2 71 (3.4)
nn

m+2 o+l (ol m+l 11
+ nAm+1{

where (l.1) was used and K is defined as

#1341

7% G K SR B DO WA RS U S b £ U S B
1¥5-1 [jAJ-l AR G ) RV i) 3.3
nn

By (2.1), we know that the solution of the first boundary-layer equation
x1 is asymptotically stable. The matching condition of the MAE method re-
quires that the solution of the first boundary-layer equation approaches, as

T the solution of the outer system evaluated at t = 0. The value of

x1 as + o may be found from the equilibrium point of (3.3) which is

T

1.1 1
n® (=) = m*o

(3.6)

-1
mll . _(m-HAmH] 1 ]
n nn nmmo



Comparing (3.2) with (3.6) we see that the matching condition is satisfied,

i.e.,
x°(0) = x!(»)

and thus the reduced solution evaluated at the boundary is an asymptotically

stable equilibrium point of the first boundary-~layer equation, as required.
Next, consider the ish boundary layer 1 <1 < n - m. The zeroth order

term of the solution to the iEh boundary-layer system is obtained by trans-

forming

--£— \
Ty 1 (3.8
€

#ad setting e = 0. Denoting the solution of the system by xi,

d lxi
mHi~1" 10_ 1 1(0) - 1
dr, mH-1"% mhi-1% m+i-1%0
dm+ixi
m+i - m+iAl lxi + m+iAm+i m+ixi m+iAm+1+l m+i+lxi. m+ixi(0) - m+ix
dri i mHi-1 mbi-1 mHi okl mbi min no ' m m+i~o
m+i+l mei+] ] 11 mHi+l mHd mbd 4 mri+l mbi+]l mHi+l 1 .
n? nmti-1 mr-1* F nAm+i mh* na n* (3.9)
m+i 1

We see that, in effect, the variables that are slower than X the components

of m+i_ixi, have not as yet had time to move away from their initial values

while those that are faster than :Iixi, the components of m+1+ixi, have al-

ready left the region of influence of their initial conditions. Proceeding as

before, the solution to this system is



1.4 1

o+1-1% " mi-1%
mH m
w1 4 Ll ox n n _ w1 1
wH m+1 o ¥ ohi¥mii-1 mi- 1 of 9XP m+1¥1om+111 T T ol mh-1 mi-1%
nn
mHtl 4 fokdtl wi+]) "D | (4] o wHHL e ok 1
n nn n mbi-1 n ot bl mei-1§ mei-1"0
art1 portd
mtit]l o+l (i mei ] 1 nn
* nAm+1(m+ixo ¥ ortlmk-1 mei-1%) Pl griel Y| (3410
nn
This solution is stable. At t = 0,
x (O) lx
o+l m+i o
o+l 1 i+l mhi+]) "] w4l 1
n* (0 -( nAn ] nAm+1 m+i%o (3.1

A similar analysis of the 1 + 11:-h boundary-layer system shows that its

solutior is stable with

lxi+l(“) - 1x
m+i m+i“o
mHi+]l i+l] mHi+] obi+l) 7! meidl ] 1
n (=) -( nAn } nAm+i mi¥o (3.12)
From (3.11) and (3.12)
x1(0) = x*(a) (3.13)

We have now shown that all boundary layers are asymptotically stable and
that (3.13) holds for all { =0, 1, **, n-m- 1. Application of elementary
singular perturbation theory then completes the proof of the theorem [c.f. 1-4
and 10]. It remains only to find a representation for the boundary-layer cor-

rection terms m+ixb(t).

In the MAE method, uniformly convergent approximations for the fast vari-

ables are obtained by forming composite solutions [c.f. 6, 7, and 10]. Since



m+:xb(t) is not unique. In

there are many ways of doing this, the function
the present analysis, we adopt the additive composition. To obtain the addi-
tive composition, the reduced and boundar -layer solutions are added and the

common parts (i.e., the terms that cancel out in the matching) are subtracted

out. Tnis gives

n-m n~-m-1
@) = x® + J ) - 7 <l (3.14)
1=1 1=0

From (3.2), (3.4), and (3.10),

x (0) = xo, i=0, "', n-m

lxi(t) - lxo; {i=1, ', n-m

Thus, for the slow variables
i (e) - ;xo(t) (3.15)

and, as expected, no boundary-layer corrections are needed.

For the fast variables, {3.2), (3.4), and (3.10) give

J i(0) = ixo; jsm+ 1

38y -
xt

x 3 Jcm+ 4

Jo

Thus, from (3.14)

-
Ix2(t) = %) + z S OEES) 'y x10); Jem+1, ceeyn (3.16)
[ 3 R

and the boundary-layer corrections are

j-m j-m~1
3Xb(t) - z §Xi(t) = X §X1(0); j=m+ lo ttt, N
i=1] i=0

10



or, using (3.13),

be(t) =

j-m
y )
i=1

Bx‘(:) - 3:&1(-)]; jam+1, oo, n (3.17)

so that only the exponential terms of the boundary-layer soiutions appear in

1
m+nxb(t). From (3.17) and (3.10) the boundary-layer corrections may be writ-

ten as
m+l b o+l _mtl mrtl
nX (v) nQn nV(t) (3.18)
where “*:Q:+l is an n-m xn -~ m Ilower triangular matrix whose components
qij are given by
Qqy =03 3 > 1
g mHipl . yel e n-m-
m+jxo + m+ij+j-l m+j-1xo’ 3 I, , N =-m=~-1
q =
- P +Lﬂl lx"- -m
no " a_n'n-1n-1%*J4°"
nn
L oA-3/ (w4l m+j+1]" o+l mvd (ot w1 1 e .
43 R [ n*n oy (oo ¥ meiRmego1 meg-1%of i T (3419

where Ri(A} denotes the tgh row of A and where m+;V(t) 18 a vector whose

elements are scalar, stable, exponential functions, namely

iln t
exp w2 w2 €
nn j

[ w1 o] I

i mS ]
ol nn t (3.20)
A - —————e —— .
nt (t) = exp el b+l o
nn €

t
ex
P [ann n-m}
L €

11

where (3.8) was used.



IV. DISCUSSION AND APPLICATIONS

In the previous section, we have obtained an approximate solution to the
ng-l order gystem (1.2). This solution requires solving an m-t-.'-tl order (m < n)
system and a sequence of n - m scalar boundary-layer equations. Solution of

the boundary-layer equations involves finding the determinants and inverses of

m+iAm+i
nn

the matrices ,1=1, ***, n - m. Thus, the method in effect splits
up a higher-order problem.into several problems of lower order. By the
theorem of section 2, the method gives a uniform approximation.

Although the system (1.2) has a rather special form which may not be ex-
pected to occur frequently in applications, the method developed here may be

used to obtain approximate solutions to general linear systems. Suppose we

have a systenm

%% = Ay; y(0) =y (4.1)

with (2.1) satisfied for some m < n, and, in addition,

n
nn

n—an—l
nn

m+1Dm+1

2y > 0 (4.2)

a
nn

with the first boundary-layer solution decaying faster than any mode of the
other solution. Then we proceed by premultiplying the left-hand side of

(4.1) by E, thereby obtaining a problem of the form (l1.2). We have thus
inserted the "'small" parameter to create artificially a singular perturbation
problem. Such a procedure has been adopted by several researchers in flight
vehicle trajectory optimization and has proved to be quite successful [10, 11,
12, 13, 14, 15]. 1In particular, Calise [11, 12] has utilized the multiple
boundary-iayer approach we are using here, The final step of the procedure

is to set ¢ = 1, its proper value. From (3.20) this gives

12 v rnonUCIBILITY OF THE
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LIS

m+l nn

v (8) = |exp wHFL i+l t (4.3)
nn

nn

exp(a__t) J

The relations (4.2) ensure that the corrections to the reduced solution from
the ish boundary layer decay faster than do those from the 1 - IEE
boundary layer.

In specific applications, experience with the system under consideration
often shows the proper choice of slow variables and ordering of fast variables.
In generi*. the following procedure may be adopted. First, search the diagcnal

elements a of A for the one with the smallest value (i.e., the one with

ii

the largest absolute value among those that are negative); relabel the equa-

8i1 %4n
a

tions such that this element appears as an’ Next, compute for

a
ni nn

all 1 and relabel the equations such that the a for which

841 %n

a a
ni nn

is largest appears as a . Then, continue on in this way

n-1,n-1

until a is seiected. After premultiplying by E, the results of

w1, mtl
section 3 may be applied.

V. EXAMPLE

Since a third-~order system is the lowest order system that can exhibit
all the features of the method, we will illustrate the method by using it to

obtain an approximate solution of

13



L3

ac - any1 tanye + ajzys; y1(0) = o

du2
de

= ag1y) + azyy; + axays; y2(0) = 8

93
dt

= a3jy1 + azay2 + azsya; y3(0) =y
It is assumed that (2.1) and (4.2) hold for m =1, 1i.e.,
3§ = azzaz; - ap3azy > 0
33 = a33 < 0
lazs| > |az2a33 - az3a3z
and, in addition, that

lagpas; - ajzzasz| > |D|

where D 1s the determjnant of A. The appropriate singular perturbation

formulation of the problem is then

dx)
T ajjxe; + ajaxy + ajsxs; 21(0) = a
dro

€30 = aa1x t+ azxy + azzrs; £2(0) = 8
dx

We will solve this problem both by direct application of the MAE method and by
employing the formulas derived in section 3.

First, the MAE method will be illustrated. The reduced problem is

0
dx] 0 0 0
Gt - 2nxn tapTy +agam;
0 0
0=apx + 322-76‘(2) + aj3x;
0= a31x? + a32x8 + a33xg

with solution

14



where M is the minor of a and C0 1s a constant to be ‘etermined by

1j 1)
the matching condition. At t = 0,

M M
z3(0) = €%; 29(0) = - ﬁ-ﬁ- co; z3(0) = iﬁ- co
The first boundary-layer system is, to zeroth order,

1
L5 SN
dTl

1

dx3 1 1 1
ary - 32181 axx; + 8373

0= 331.’2:% + a32x% + 333&'%

where 1) = t/e. The solution in terms of constants of integration

C{ = x{(O) and C% = xé(O) is

azj M My
At T1=0,
1 11 1. 1 a3 1, Mo Mig 1
x0=C'xO=C'x(O-———-—[C +——-C]+——C
1() 13 2() 2y L3 ) a33 2 Mll 1 11 1

and for 1, -+ <,

M2 1

1 1 1 1 M 1
z1(=) = Cp3 @p(=) = - & Cp; 23 (@) 'gi—? c]

The zeroth order of the second boundary-layer system is given by

vepnonUCIBILITY OF THE
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&1 .4 2(0) =

dty 0; xl(O) a
2

2 0. 2 -

de 09 32(0) B

&e 2 2 2
dr, T anF o+ apT) + a3yr3; 3(0) = ¥

where T, = t/e2. Note that since this is the last boundary layer it is re-

quired to satisfy the initial conditions. The solution is

z3 =8
2 1 1
3 = |y + — (a3gja + a3;8)| exp(azz 12) - —— (azja + azzB)

asj a33

As Ty +™2

xf(w) a; 25(=) = 85 x3(=) = - ;;—3 (agya + a3zB)

Next, the matching conditions are applied to determine the constants of
integration. For matching between the first and second boundary layers we
require that xi(m) -xi(O) for 1 =1, 2, 3; this gives Cl =a and C} = 8.
Similarly, the matching condition between the outer solution and the first
boundary layer is xi(m) = xi(O) for 1 =1, 2, 3 which gives c® = a. From

(3.15) and (3.17) the additive composite solution for y is
Y =aexp(—D— t}
! M
D M ] [Mn ]
= - —£ g exp|— t| + |B + 0— a| exp|— ¢
Y2 M p(Mll] [ M1 Plass

M3 (D I a3y ( M2 ] (Mu ]
=-—q e t] - B + aj] exp|l— t
Y3 My *P M1 azj M1 P azj

1
+ {y + a1 (azya + 3326)] exp (a33 t)

which provides a uniform approximation to the exact solution of the system.

16



We now solve the example by employing the results of section 3.

S |

The

first step is to solve the reduced system, which we have done previously. It

remains to obtain the boundary-layer correcticn terms.

From (3.5),

Thus,

q12

q1)

922

q21

From (3.20),

q2 =0
2 2,1 1
q11 = 2xp + 2K1 1x¢

3 1 3,11
22 = 3%0 + 7= 342 2%0

-1
3,3 3,2(2 2,1 1
q2; = - R! {(3A3] 3A2(zxo + 2K 1xo}}

2D2
303
1 as '
= (321 - 323‘;;; a31] ﬁ;%
- M
My,
0
Mo
B+ —a
My,

1
y + B33 (azya + ap;B)

1 M) a3y Mo
- R} {— aj,[p + ~——-a]} = . —2£p + a
{333 32( My aszs My

ex !1;_5
P ajzjz €
v(e) =
t
expjasj 6—2’}

17

From (3.19),

|



Then from (3.18)

et

Mi2 M1 t]
+.._._. — —
s b (B My, u) exPlass €
Ix°(t) =

- 83 M Mae 1 £
ass(B M a} exP{aaa ef T Yt a5, a0 + aagh) jexplas; 52}

When %xb(t) is added to %xo(t) and e 1is set to 1, the desired approxima-

tion results.
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